We establish an effective version of Schmidt's subspace theorem on a smooth projective variety X over function fields of characteristic zero for hypersurfaces located in m−subgeneral position with respect to X . Our result generalizes and improves the results of An-Wang [1], Ru-Wang [5] and the author [2].
Introduction
In [1] , An and Wang obtained an effective Schmidt's subspace theorem for non-linear forms over function fields. In [5] , Ru and Wang extended such effective results to divisors of a projective variety X ⊂ P M coming from hypersurfaces in P M in general position with respect to X . In [2] , we extended Ru-Wang's result to the case of hypersurfaces located in subgeneral position. However, due to the weakness of estimate on lower bound of Chow weight in [2, Proposition 2.1], our result [2] does not imply the results of An-Wang [1] and Ru-Wang [5] . In [3, Theorem 1.4], S.D.Quang gave a better estimate on lower bound of Chow weight. It helps us to improve our result in [2] . This new result improves and generalize all the existing results in such the direction.
Here, let X be a n-dimensional projective subvariety of P M defined over K and m, q be positive integers with m ≥ n and q ≥ m + 1. Recall that homogeneous polynomials Q 1 , . . . , Q q ∈ K[X 0 , . . . , X M ] are said to be in m-subgeneral position with respect to X if ∩ m+1 j=1 ({Q i j = 0}) ∩ X (K) = ∅ for any distinct i 1 , . . . , i m+1 ∈ {1, . . . , q}, whereK is the algebraic closure of K. When m = n, they are said to be in general position with respect to X .
To state our results, we will recall some definitions and basic facts from algebraic geometry.
Let k be an algebraically closed field of characteristic 0 and let V be a projective variety (always assumed irreducible), non-singular in codimension 1 and defined over k. For the rest of paper, we shall fix an embedding of V such that V ⊂ P M 0 for some positive integer M 0 .
Denote by K = k(V ) the function field of V . Let M K be the set of discrete absolute values of the function field K obtained from the prime divisors of V . Let p be a prime divisor of V over k. Such a prime divisor determines its local ring in the function field k(V ) and this local ring is a discrete valuation ring. Thus, we have the notion of order at p of a function x ∈ K, x = 0, noted ord p x. We can associate to x its divisors ==
By the degree of p, noted deg p, we shall mean the projective degree, i.e. the number of points of intersection with a generic linear variety of complementary dimension in the given projective embedding. Then we have the sum formula
We define the (logarithmic) height of x by: The height of a homogeneous polynomial Q of degree d in K[X 0 , . . . , X M ] is defined by the height of coefficients:
From the sum formula, we have h(αQ) = h(Q) for all α ∈ K * . Since we may assume that one of the non-zero coefficient of Q is 1, it follows that h(Q) ≥ 0.
The Weil function λ p,Q is defined by
Let Q 1 , Q 2 , . . . , Q q be homogeneous polynomials of degree d in K[X 0 , . . . , X M ]. We define e p (Q 1 , . . . , Q q ) = min{e p (Q 1 ), . . . , e p (Q q )} and
Let X be a n-dimensional projective subvariety of P M defined over K. The height of X is defined by
where F X is the Chow form of X .
In this paper, we will prove the following effective version of the generalized Schmidt's subspace theorem over K. Main Theorem. Let K be the function field of a nonsingular projective variety V defined over an algebraically closed field of characteristic 0 and let S be a finite set of prime divisors of V. Let X be a smooth n-dimensional projective subvariety of P N defined over K with projective degree △ X . Let m, q be integers with m ≥ n and q ≥ m + 1. For all i = 1, . . . , q, let Q i be homogeneous polynomials of degree d i in K[X 0 , . . . , X N ] in msubgeneral position with respect to X . Then for any given ǫ > 0, there exists an effectively computable finite union W ǫ of proper algebraic subsets of P N (K) not containing X and effectively computable constants
The algebraic subsets in W ǫ and the constants C ǫ , C ′ ǫ depend on ǫ and N, q, m, K, S, X and the Q i . Furthermore, the degrees of the algebraic subsets in W ǫ can be bounded above by
Remark 1.1. The constants C ǫ , C ′ ǫ will be given in (3.18) and (3.19) . They may depend on ǫ, the degree of the canonical divisor class of V , the projective degree of V , the degree of S (i.e p∈S deg p), the projective degree of X , the dimension of X , the height of X and the Q i , q and m, N.
Chow forms, Chow weight of a projective variety
Let Y be a n-dimensional projective subvariety of P M defined over K of degree △ Y . To Y, we can associate, up to a constant scalar, a unique polynomial F Y (u 0 , . . . , u n ) = F Y (u 00 , . . . , u 0M ; . . . ; u n0 , . . . , u nM ) in (n + 1) blocks of variables u i = (u i0 , . . . , u iM ), i = 0, . . . , n, which is called the Chow form of Y, with the following properties:
Let c = (c 0 , . . . , c M ) be a tuple of reals. Let t be an auxiliary variable. We consider the decomposition
We recall the following estimate on Chow weight of a projective variety Y, due to S.D. Quang [3, Theorem 1.4] .
We now recall an estimate on heights of Chow forms, due to Ru-Wang [5, Lemma 8].
Lemma 2.2. Let X be a projective variety of P M defined over K with dimension n ≥ 1 and degree △ X . Let ψ : X −→ P R be a finite morphism given by ψ(x) = [g 0 (x) : · · · : g R (x)], where g 0 , . . . , g R are homogeneous polynomials of degree d in K[X 0 , . . . ,
. . , g R ).
Proof of Main Theorem
To prove the Main theorem, we need the following lemma.
Lemma 3.1. Let X be a smooth n-dimensional projective subvariety of P M defined over K of degree △ X . Let m, q be integers with m ≥ n and q ≥ m + 1. Let Q 1 , . . . , Q q be homogeneous polynomials in K[X 0 , . . . , X M ] of degree d, in m-subgeneral position with respect to X . For given p ∈ M K , and x ∈ X \ ∪ q i=1 {Q i = 0}, we assume that ord p (Q 1 (x)) ≥ · · · ≥ ord p (Q q (x)).
(3.1)
Then
We refer the reader to [2, Lemma 4.2] for the proof of the above lemma.
We now recall the following theorem, due to Ru-Wang [5, Theorem 23]. 
The algebraic subsets in Z ǫ and the constants a ǫ , a ′ ǫ depend on ǫ and M, K, S and Y. Furthermore, the degrees of the algebraic subsets in Z ǫ can be bounded above by
We first use Theorem 3.2 and Proposition 2.1 to prove Theorem 3.3. Then, we will show that the main theorem is an implication of Theorem 3.3. 
Here the maximum is taken over all subsets I of I 0 with cardinality m + 1.
The algebraic subsets in R ǫ and the constants b ǫ , b ′ ǫ depend on ǫ and M, K, S and Y. Furthermore, the degrees of the algebraic subsets in R ǫ can be bounded above by 1 + 2(2n+ 1) △ Y (M + 1)ǫ −1 .
Proof. For every p ∈ M K and y = [y 0 : · · · : y M ], we let Theorem 3.2 implies that for a given ǫ > 0, there exists an effectively computable finite union Z ǫ of proper algebraic subsets of P M (K) not containing Y and effectively computable constants a ǫ/m−n+1 , a ′ ǫ/m−n+1 such that for any y ∈ Y(K)\Z ǫ either
Let I be an arbitrary subset of I 0 with cardinality m + 1. It follows from Proposition 2.1 that
On the other hand, by the definition, λ p,Y i (y) = c p,i (y). Hence, 
for all y ∈ Y\R ǫ .
The constants b ǫ and b ′ ǫ in the assertion can be given by
where a ǫ and a ′ ǫ are constants from Theorem 3.2. This completes the proof of Theorem 3.3. Now, we will show that Theorem 3.3 implies the main theorem.
Proof of the main theorem.
Let d is the l.c.m of d ′ i , 1 ≤ i ≤ q, and let M 0 , . . . , M N 1 be all the monomials in X 0 , . . . , X N of degree d. We define the map
(3.7)
Let Y = ψ(X ). Then this map is an embedding and Y is a smooth projective subvariety of P N 1 +q defined over K with dim Y = n and deg Y =:
.
Since X is located in m-subgeneral position with respect to Q 1 , . . . , Q q , then we have Y ∩ H i 0 . . . ∩ H im = ∅, for all i 0 , . . . , i m ∈ I 0 := {N 1 + 1, . . . , N 1 + q}. We apply Theorem 3.3 to Y ∈ P N 1 +q and I 0 := {N 1 + 1, . . . , N 1 + q}. Then, for a given ǫ > 0, there exists an effectively computable finite union R ǫ of proper algebraic subsets of P N 1 +q (K) not containing Y and effectively computable constants b ǫ , b ′ ǫ such that for any ψ(x) ∈ Y\R ǫ either
Here the maximum is taken over all subsets I of {N 1 + 1, . . . , N 1 + q} with cardinality m + 1 and the constantsb ǫ andb ′ ǫ are given bỹ
, . . . , Q d/d)).
(3.11)
Here b ǫ and b ′ ǫ are the constants from Theorem 3.3 with M = N 1 + q. Notice that the degrees of the algebraic subsets in R ǫ can be bounded by
For a given x ∈ X \ ∪ q i=1 {Q i = 0} and a fixed p ∈ S, we may reindex the Q i so that (d/d 1 )ord p (Q 1 (x)) ≥ · · · ≥ (d/d q )ord p (Q q (x)). Since Q 1 , . . . , Q q are in m−subgeneral position with respect to X we can apply Lemma 3.1 to Q Notice that c 2 ≥ 0. Thus, e p (ψ(x)) deg p = min d · e p (x),
On the other hand,
which by (3.13) does not exceed
Combining with (3.15), we have
Here the maximum is taken over all subsets I of {N 1 + 1, . . . , N 1 + q} with cardinality m + 1. Combining with (3.9), we have where a ǫ/m−n+1 and a ′ ǫ/m−n+1 are the constants from Theorem 3.2.
